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We give a homotopy equivalence to explain an Sn&1 -module isomorphism which
occurs frequently in the homology of subposets of the partition lattice 6n . The
isomorphism in question is necessary for the existence of a lifting to Sn of the
Sn&1 -module involved. It has also been observed in certain deformations of the free
Lie algebra. The topological explanation allows us to generate further examples in
subposets of 6n . We show that, in these two contexts, it is often accompanied by
an Sn -action on the Sn&1 -module occurring in the isomorphism. A well-known
example is the lifting of the homology of 6n&1 .  2001 Academic Press
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Sn&1 -modules to Sn .
0. INTRODUCTION AND PRELIMINARIES
Let n be a positive integer, Sn the symmetric group, and Vn , Vn&1 ,
respectively, Sn - and Sn&1 -modules (in characteristic zero) satisfying the
Sn&1 -isomorphism
Vn a Sn&1 &Vn&1 a Sn&2 A
Sn&1. (0.1)
(The down and up arrows indicate restriction and induction respectively).
Restated in terms of the natural representation An&1 of Sn&1 , (0.1) reads
Vn a Sn&1 &Vn&1 An&1 . (0.2)
In this paper we examine instances of this isomorphism. Let 6n denote
the lattice of set partitions of the set [1, ..., n], ordered by refinement. The
examples known to us arise in subposets obtained by restricting block sizes
[2]. For a subset T of positive integers, let 6n, T denote the Sn -invariant
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subposet of 6n consisting of those partitions x whose block sizes are
restricted to the set T. For some choices of n and T, the phenomenon (0.1)
occurs in (rational) homology:
H
*
(6n, T) a Sn&1 &H *(6n&1, T) a Sn&2 A
Sn&1. (0.3)
In Section 2, we describe simple conditions on the pair (n, T ) which
result in an Sn&1-homotopy equivalence relating the order complexes of
6n, T and 6n&1, T . This homotopy equivalence in turn implies the homol-
ogy isomorphism (0.3).
In Section 3 we observe that a necessary condition for the existence of
a lifting of Vn&1 to Sn , is the existence of an Sn -module Vn satisfying the
isomorphism (0.1). A famous example of the resulting construction, which
has recently appeared is the Whitehouse lifting of the top homology of 6n
[11, 17]. Other examples are presented, among which a somewhat surpris-
ing one, in Theorem 3.5.
We now briefly review the basic topological definitions and concepts that
appear in this paper. More details may be found in [9,13]. Given a poset
P with greatest element 0 and least element 1 , its order complex is the sim-
plicial complex whose faces are the chains in P"[0 , 1 ]. By the homology of
the poset P we mean the homology of its order complex. Homotopy equiv-
alence has the usual topological meaning (e.g., [9]) applied to the order com-
plexes of the posets in question. We will assume all posets are bounded, i.e.,
come equipped with a greatest element 0 and a least element 1 .
1. EXAMPLES
Chronologically, the first example of the isomorphism (0.1) is the parti-
tion lattice itself, i.e., the case T=Z+. Thus 6n, T=6n . In this case it is
well-known that 6n has homology concentrated in degree (n&3), and that
the Sn-homology module restricts to the regular representation of Sn&1
[12]. Hence (0.3) follows trivially, since the right hand side also coincides
with the regular representation of Sn&1 .
Next let T be the set of odd integers, so that 6n, T is the subposet of par-
titions with all block sizes odd. From work of Bjo rner it follows that this
poset is Cohen-Macaulay [4] and hence has homology concentrated in the
top dimension. The Sn-character of the homology is calculated in [4],
from which it is deduced [4, Proposition 5.2] that (0.3) holds for all even
integers n.
The third example, which motivated this paper, is obtained by taking
T=Z+"[k], for a fixed integer k3. Thus 6n, T consists of all partitions
in which the block size k is forbidden. The topology of these posets is
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studied in [15], where it is shown that, for n2k, the homotopy type is
a wedge of (n&4)-spheres, and that, at the level of Sn -modules, (0.3) holds
for n=2k [15, Theorem 4.8]. This relationship is deduced from an explicit
formula for the Sn -character of the homology.
2. A HOMOTOPY EQUIVALENCE
Write P for the proper part P"[0 , 1 ] of the poset P. First we define more
precisely that for any subset T of positive integers, 6n, T is the subposet of
6 n consisting of those partitions with block sizes in the set T, together with
a least element 0 and a greatest element 1 .
The following result of Bjo rner and Walker is a standard tool for estab-
lishing homotopy type of order complexes. Note that all these homotopy
equivalences can be made group-equivariant.
Theorem 2.1 [3]. Let P be a bounded poset, A an antichain in P such
that the complex 2(P"A) is contractible. Then 2(P) is homotopy equiv-
alent to

a # A
susp(2(0 , a) V 2(a, 1 )).
(Here V denotes topological join and susp denotes suspension.)
Now let T be a subset of the positive integers, and n0 a positive integer,
such that
(1) 1 # T;
(2) for every positive integer m<n0 , m # T  n0&m # T.
Let An be the antichain in 6n consisting of all partitions with one block of
size 1 and the other of size n&1, such that the integer n is in the latter
block. (Thus An is of cardinality (n&1).)
Theorem 2.2. Let T, n0 be as above. Then we have the (Sn0&1 -)
homotopy equivalence
2(6n0 , T)t 
a # An0
susp 2((0 , a)6n0, T)t 
a # An0
susp 2(6n0&1, T), (2.1)
and hence the isomorphism, in integral homology,
H i+1(6n
0
, T)& 
a # An0
H i (6n0&1, T). (2.2)
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Proof. The two conditions on T and n0 guarantee that An0 6n0 , T .
Note also that for a # An0 , the interval (0 , a) in 6n0 , T is clearly isomorphic
to 6n0&1, T . By Theorem 2.1, it suffices to show that the order complex of
6n0 , T"An0 is (Sn0&1&) contractible.
We shall show that all partitions such that n0 is in a block of size 2 or
more, can be removed without affecting the homotopy type. By definition,
6n0 , T"An0 contains the unique partition into two blocks in which n0 is a
singleton. Consequently the latter order complex is a cone, and thus it will
then follow immediately that the poset is Sn0&1 -contractible.
For 2 jn0&2 such that n0& j # T, let Brj denote the partitions in
6n0 , T whose block sizes are the integers in the set [n0& j, +1 , +2 , ..., +r]),
such that the block of size n0& j is distinguished by the fact that it contains
the integer n0 . Here +=(+1 , +2 , ...) is an integer partition of j with exactly
r nonzero parts.
For brevity write P=6n0 , T"An0 . Let Cj=
j
r=1 B
r
j . We shall show by
induction on j that  ji=2 C i can be removed from P without affecting the
Sn0&1-homotopy type. For this it suffices to show, by Quillen’s fibre lemma
([10], [1]) that the appropriate fibres are contractible. We shall need to
apply the fibre lemma only to inclusions, but, as will become clear in the
details below, both upper and lower fibres will be needed.
For clarity, we omit any discussion of the group action below; it is easy
to see that the homotopy equivalences below are Sn0&1 -equivariant (see [1,
Chap. 6]).
We begin with the least value j02 of j such that n0& j # T. Write
m= j0 . Consider the inclusions
P"Cm=P"mr=1 Brm /(P"Bmm)"m&2r=1 Brm / } } }
/(P"Bmm)"(B2m _ B1m)/(P"Bmm)"B1m /(P"Bmm)/P,
where we remove first the set Bmm , and then the sets B
1
m , B
2
m , ..., B
m&1
m , in
this specific order.
For the right-most inclusion, consider, for a # Bmm , the (upper) fibre
Fa=[x # P"Bmm : x>a]. Now a is of type (n0&m, 1
m) and n0 is in its non-
trivial block. Also m= j0 , so, by definition of j0 and the set An0 , partitions
in the fibre are obtained solely by merging the singleton blocks of a. In par-
ticular, this fibre contains a unique maximal element, viz., the one in B1m
obtained by merging all m singleton blocks in a into one block of size m,
provided of course that m # T. Condition (ii) on the set T and the integer
n0 ensures that this is indeed the case.
For the remaining inclusions, we look at fibres F b below the element
b # Brm , r<m, proceeding in increasing order of r. The partition b now has
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one block of size n0&m (note that n0&m # T) which contains the integer
n0 , and the remaining r blocks are of sizes corresponding to an integer par-
tition + of m. Now the crucial point is that in a preceding step, the element
of type (n0&m, 1m) was removed. The fibre is F b thus poset isomorphic to
6n0&m, T_(_@ri=1 6+i , T)"[(1 , 0 )],
and this is contractible by [3, Theorem 4.2].
Now consider an arbitrary m such that n0&m # T. Assume we have
shown that the inclusions P" ji=2 Ci /P" j&1i=2 Ci induce homotopy
equivalences, for jm&1, and n0&m # T. For the induction step we must
examine the inclusions
P"mi=2 Ci /(P"
m&1
i=2 Ci)
induced by removing first the set Bmm , then, the sets B
1
m , B
2
m , ..., B
m&1
m , (in
this order).
For the first inclusion, consider, for a # Bmm , the fibre Fa=[x # P"
m&1
i=2
Ci : x>a]. Now a is of type (n0&m, 1m) and n0 is in its nontrivial block.
The crucial observation is that we have already removed all partitions in
which n0 is in a nontrivial block of size larger than n0&m. Hence this fibre
contains only partitions obtained by merging the singleton blocks of a, and
in particular it contains a unique maximal element, viz., the one in B1m
obtained by merging all the singleton blocks of a into one block of size m.
Again, thanks to condition (ii) on the set T and the integer n0 , we know
that m # T.
For the remaining inclusions, we look at fibres F b below the element
b # Brm , r<m, proceeding in increasing order of r. The argument here is
identical to the initial induction step m= j0 .
This completes the induction step and hence the proof. K
Note that the Sn0&1 -isomorphism (0.3) is an immediate consequence of
(2.2).
The conditions of Theorem 2.2 are of course satisfied by the full partition
lattice 6n , for all n. In this case there is a more standard way to obtain the
homotopy equivalence of (2.1). This method does not, however, generalise
to the case of Theorem 2.2. Let Bn be the set of all atoms in the lattice 6n
such that the integer n is in a block of size 2. Thus Bn is the lattice-theoretic
complement of the two-block partition :n=12 } } } (n&1)n, in which n is
in a block of size 1. By the original Homotopy Complementation Formula
[3], the order complex of 6n "Bn is contractible. Since Bn is an antichain,
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and the interval (b, 1 ) in 6n is isomorphic to 6n&1 for all b # Bn , by
Theorem 2.1 it follows that
2(6n)t 
b # Bn
susp 2((b, 1 )6n)t 
b # Bn
susp 2(6n&1). (2.3)
The posets in the following corollary were first considered in [4], where
a formula was given for the homology representations. The case k=2 of
the representation-theoretic isomorphism below was also established.
Corollary 2.3. Fix an integer k2, and let T be the set of all integers
congruent to 1 modulo k. Let n0 #2 mod k, and let An0 be as in Theorem
2.2. Then
2(6n0 , T)t 
a # An0
susp 2(6n0&1, T).
In particular, denoting by ; (1, k)n the Sn -module afforded by the unique non-
vanishing homology of 6n, T , we have that for all k, if n0 #2 mod k,
; (1, k)n0 a Sn0&1 &;
(1, k)
n0&1
a Sn0&2 A Sn0&1 .
Two further examples follow.
Example 2.4. Fix a finite subset D of positive integers. Let TD be the
set of all integers n such that d # D and n # TD imply d does not divide n.
Let n0 be the least common multiple of the set D. Then Theorem 2.2
applies to TD and n0 .
Consider in particular the case when D consists of a single fixed integer
k2. Then TD is the set of all non-multiples of k. When n0=2k we recover
the result of [15, Lemma 4.7] for the poset 62k, {k . The case k=2 again
yields the result of [4] mentioned in the Introduction.
Note also that if d is the least common multiple of the set D, one has the
inclusions 6n, TD /6n, T[d] /6n, {d . The latter poset has no homology in
the top dimension [15], and hence it follows (see, e.g., [15], Proposition
4.2) that the homology of both 6n, TD and 6n, T[d] vanish in the top dimen-
sion.
Example 2.5. Fix integers 2a<b. Let T be the set of all positive
integers different from a and b. Write 6n,  [a, b] for 6n, T . Then Theorem
2.2 applies to 6a+b,  [a, b] .
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In particular for fixed k2, one has, for all n>2k,
2(6n,  [k, n&k])t 
a # An
susp 2(6n&1,  [k, n&k]).
For these posets, it follows, using results in [15], that their homology is
distributed in degrees n&4 and n&5. Consider the case n=7, k=3. Here
a computer calculation shows (see [15]) that there is 3-torsion in the
homology: the integral homology groups are H 1(2(66,  [3, 4]))=Z3 ,
H 2(2(66,  [3, 4]))=Z20. Hence for 2(67,  [3, 4]), the homology groups are
H 1=Z63 , H 2=Z
120.
The following corollary is immediate from Theorem 2.2.
Corollary 2.6. Let n0 and T be as in Theorem 2.2. Then the (integral )
homology of 2(6n0 , T) is free if and only if the homology of 2(6n0&1, T) is
free.
3. REPRESENTATION-THEORETIC CONSEQUENCES
In this section we discuss some interesting implications of the representa-
tion-theoretic isomorphism (0.1). In many of the natural examples known
to us, it seems that the isomorphism (0.1) occurs not just as an isolated
curiosity, but with a deeper purpose.
Let n be a positive integer, and Vn , Vn&1 , respectively, Sn - and Sn&1 -
modules satisfying the isomorphism (0.1). Consider the question of con-
structing an Sn -module whose restriction to Sn&1 coincides with Vn&1 .
Such a lifting of Vn&1 is, by definition, a quotient (and hence a submodule)
of the induced module QSn QSn&1Vn&1 . Define, in the Grothendieck ring,
the virtual module
V n=Vn&1 A Sn&Vn . (3.1)
Note now the following significance of the Sn&1-isomorphism (0.1): it is
equivalent to the Sn&1 -module isomorphism
V n a Sn&1 &Vn&1 . (3.2)
Let S (n&1, 1) denote the Sn -irreducible indexed by the partition (n&1, 1).
Assume the isomorphism (0.1), or equivalently (0.2), holds for Vn and
Vn&1 . Lemma 3.1 below shows that definition (3.1) is equivalent to the
Sn -module isomorphism
V n S (n&1, 1)&Vn . (3.3)
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Lemma 3.1. Let Wn and Vn be possibly virtual Sn -modules and let
S (n&1, 1) denote the Sn -irreducible indexed by (n&1, 1). Then the following
are equivalent:
(1) Taking tensor products over the rationals,
Wn S (n&1, 1)&Vn ;
(2) With addition of modules in the Grothendieck ring,
Wn+Vn & (Wn a Sn&1) A
Sn.
Proof. We have Wn S (n&1, 1)=Wn  (1 A SnSn&1)&Wn , since the reflec-
tion representation S (n&1, 1) is the complement of the trivial module in the
natural Sn -module.
Now use the fact that if H is a subgroup of a finite group G and U and
V are G- and H-modules respectively, then one has the G-module
isomorphism U (V A GH)& (U a H V ) A
G
H . The result follows. K
The preceding remarks in fact establish the following:
Proposition 3.2. Let Vn&1 be an Sn&1 -module. The Sn&1-action on
Vn&1 can be lifted to Sn if and only if there is an Sn-module Vn such that
(1) the isomorphism (0.1) holds for Vn and Vn&1 , and
(2) Vn is a submodule of the induced module Vn&1 A SnSn&1 .
When these conditions hold, the Sn-module Vn uniquely determines, (up to
isomorphism), the lifting V n ; it is defined by Eq. (3.1) or equivalently by
Eq. (3.3).
In general, Eq. (3.1) defines V n to be a virtual Sn -module; e.g., with
V2=1S2 and V3=1S3 sgnS3 , one has V 3=1S2 A
S3&1S3&sgnS3 . Although
(0.1) holds, the second condition of Proposition 3.1 fails, and hence V 3 is
a virtual S3 -module which restricts to the true S2 -module V2 . On the other
hand, if Vn&1 is the trivial Sn&1-module, and Vn is the Sn -irreducible
indexed by the partition (n&1, 1), then (0.1) holds and the lifting of Vn&1
determined by (3.1) is the trivial representation of Sn .
As a perhaps more interesting example of when V n fails to be a true
Sn -module, let V 0n denote the induction of the trivial representation from a
cyclic subgroup of order n up to Sn . Clearly V 0n restricts to the regular
representation of Sn&1 , and hence the modules Vn=V 0n satisfy condition
(0.1). Since the sign representation appears in V 0n if and only if n is odd, it
follows that for odd n, the equation (3.1) defines a virtual lifting of V 0n&1 .
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A similar argument shows that if Vkn is the induction of the representation
exp(2?in } k) from the cyclic subgroup of order n up to Sn , then for n=2k,
the lifting of V k2k&1 defined by (3.1) is not a true module.
Finally, the first condition of Proposition 3.1 may fail. Let n=1+ab,
a, b, >1, and let Vn&1 be the irreducible indexed by the rectangular parti-
tion (ab). Let Vn be either of the two irreducible components of the induced
Sn -module. It is easy to see (e.g., from Young’s lattice) that the
isomorphism (0.1) cannot hold. Hence Vn&1 cannot be lifted to Sn .
In view of these remarks, it is rather surprising that many of the
examples in this paper, for which (0.1) holds, and in particular those aris-
ing from the partition lattice, have the curious property that V n is indeed
a true Sn -module. The foremost example of this phenomenon is the lifting
of the representation on the homology of the partition lattice.
Example 3.3. Take Vn to be the Sn -module afforded by the top homol-
ogy of the partition lattice 6n . Then V n is precisely the tree representation
of Sn [11, 17]. By (3.2) it is a lifting of the top homology of the partition
lattice 6n&1 . It can be realised as the Sn -action on the unique nonvanish-
ing homology of several subposets of 6n (see [14, 15]).
Let Lien denote the multilinear component of the free Lie algebra on n
generators. It is well-known that Lien and H n&3(6n) differ as Sn -modules
only by tensoring with the sign representation. It was Kontsevich who first
defined an Sn -action on Vn&1=Lien&1 (see [8]), thereby constructing an
Sn -module which restricts to Lien&1 , but the identity (3.1) is not obvious
from his definition. The Ref. [8] does not explicitly describe the construc-
tion. Getzler and Kapranov [6] showed that if V n is the lifting defined by
Kontsevich, then the isomorphism (3.3) holds for Vn=Lien . This is equiv-
alent to (3.1), and hence the Kontsevich lifting and the Whitehouse lifting
coincide.
A generalisation of Example 3.3 is obtained from Corollary 2.3 and the
work of Hanlon [7].
Theorem 3.4. Fix k2, and let n#2 mod k. Let Vm be the representa-
tion ; (1, k)m of Sm on the top homology of the poset 6
(1, k)
m as in Corollary 2.3,
for m=n&1, n. Define V n as in (3.1).
(1) (Hanlon) V n is the Sn -representation on the homology of the order
complex T kn of homeomorphically irreducible k-trees with n labelled leaves.
(2) V n &H (T kn) is a lifting of the action of Sn&1 on the top homology
of the poset 6 (1, k)n&1 , which satisfies the Sn -isomorphism
H (T kn)S
(n&1, 1) &H (6 (1, k)n ).
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Proof. Part (1) is [7, Theorem 1.1]). For Part (2) note that by
Corollary 2.3, the isomorphism (0.1) holds for the representations Vn .
Hence the isomorphisms (3.2) and (3.3) apply. K
Part (2) suggests that (for n#2 mod k) there is an Sn&1-homotopy
equivalence between the order complexes of T kn and 6
(1, k)
n&1 .
Fix k2, and for n2k, let Vn be the Sn -representation on the unique
nonvanishing homology of the poset 6n, {k (see Example 2.4 and [15]).
For n=2k, by Theorem 2.2, (0.1) holds. It turns out that the equation (3.1)
defines a true S2k -module V 2k , as follows. Let ?n denote the Sn -representa-
tion on the top homology of 6n . As in [14], define ?n, k to be the comple-
ment of ?n in the induced module ?k A SnSk_S1k . Note from Example 3.3 that?n, n&1 is the Whitehouse lifting of ?n&1 .
Theorem 3.5 [15]. Let 6n, {k (resp. 6n, k) denote the subposet of the
partition lattice 6n in which blocks of size k (resp. blocks of size greater
than k) are forbidden. Then
(1) For n2k, the poset 6n, {k has homology concentrated in
degree (n&4). The homology module is given by ?n, k if n<2k, and by
?2k, k sgnkS2[?k] A
S2k
S2[Sk]
for n=2k. Here the square brackets denote the plethysm operation.
(2) Let n2k+2. The poset 6n, k has homology concentrated in
degree (n&4) if n2k+1, and in degree (n&5) if n=2k+2. The homol-
ogy representation is given by the Whitehouse module ?n, n&1 if n2k+1,
and by sgnk+1S2 [?k+1] A
S2k+2
S2[Sk+1]
?2k+2, 2k+1 if n=2k+2.
Proof. Part (1) is the content of [15, Theorems 4.3 and 4.8]. Part (2)
is proved in [15, Theorems 2.8 and 2.10]. For the representations see [15,
Theorems 4.1 and 2.10]. K
It was noticed in [15] that the homology modules of 62k, k and
62k&1, {k are S2k&1 -isomorphic. A closer examination of the S2k -homol-
ogy module now shows that this lifting is obtained precisely according to
the formula (3.1).
Theorem 3.6. For n2k, denote by Vn the Sn -module H n&4(6n, {k).
Let V 2k be as defined in (3.1). Then
(1) V 2k coincides with the representation of S2k on the homology of
62k, k&1 (in degree 2k&5). Equivalently, we have the S2k -isomorphism
H 2k&5(62k&1, {k) A S2kS2k&1 &H 2k&4(62k, {k)H 2k&5(62k, k&1).
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(2) V 2k &H 2k&5(62k, k&1) is a lifting of the S2k&1 -action on the
homology of 62k&1, {k , which satisfies
H (62k, k&1)S (2k&1, 1)&H (62k, {k).
Proof. First note that (0.1) holds for V2k and V2k&1 , from Theorem 2.2
(see also [15, Theorem 4.8]). Hence Part (2) follows from (3.2) and (3.3).
It remains to establish Part (1), which identifies V 2k as a true S2k -module.
We use the formulas for the homology representations of 6n, {k and 6n, k
given in Theorem 3.5 to compute the S2k -module structure of V 2k in terms
of the generalised Whitehouse modules ?n, k . The result follows by basic
manipulations. The key fact, easily verified from the definitions (see also
[14]), is that (for all n) the induced module ?n&1, k A Sn is a submodule of
?n, k , whose complement is isomorphic to ?n, n&1 . K
As in Theorem 3.4, this suggest the existence of an S2k&1-homotopy
equivalence between the order complexes of 62k, k&1 and 62k&1, {k . In
either case, however, we know of no map between the two complexes in
question which might induce the homotopy equivalence.
In Example 3.3, it follows easily, from basic facts about the free Lie
algebra, for instance, that the construction (3.1) yields a true module. (See
the discussion at the end of this section.) In contrast, each of the other
examples (Theorems 3.4 and 3.6), hinges on the serendipitous discovery of
a module affording the representation given by (3.1). No independent proof
(involving only knowledge of the modules Vn and Vn&1) seems to be
known that Vn , in each case, is a submodule of Vn&1 A Sn.
There is one more example of the isomorphism (0.1) which is worth
mentioning, although we know of no connection with the partition lattice.
Fix a complex parameter :. In the group algebra (over C) of the symmetric
group Sn , consider the left ideal Vn(:) generated by the element
’n(:)=(1&:#2)(1&:#3) } } } (1&:#n),
where #i (1)=i, #i ( j )= j&1 for j=2, ..., i, and # fixes all letters greater
than i.
The structure of the Sn -modules Vn(:) was investigated in [5]. Two spe-
cial cases had previously appeared in the literature: ’n(1) is (up to a scalar
factor) the classical Dynkin idempotent and Vn(1) is isomorphic to the
multilinear part Lien of the free Lie algebra, while Vn(&1) is a subspace of
the free Jordan algebra on n generators. (See [5] for references.)
Fix a positive integer p1 and let : be a pth root of unity. It is shown
in [5] that when n is not divisible by p, Vn(:) is isomorphic to the induced
module Vn&1(:) A Sn. It is also shown that the isomorphism (0.1) is satisfied
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by the modules Vn(:) when n=kp is a multiple of p. Hence the construc-
tion (3.1) defines a module V kp which restricts to Vkp&1(:) for all k. The
Whitehouse lifting of Lien is a special case of the fact that, once again, we
have
Proposition 3.7. V kp is a lifting of the Skp&1-module Vkp&1(:) to Skp ,
satisfying
V kp S (kp&1, 1)&Vkp(:).
Proof. From the definition of ’n(:), it is clear that Vn(:) is always a
homomorphic image of Vn&1(:) A Sn. Now the result follows by semisim-
plicity. K
An interesting question is whether, like the examples arising from the
partition lattice, there are other naturally occurring ways to realise the
lifting V kp .
Finally, we know of at least two other examples of the isomorphism (0.1)
where the construction (3.1) is a true lifting. See [16, Theorem 4.10 and
Proposition 4.20]. These examples arise in considering submodules of the
free Lie algebra, and in each case it follows easily from the definitions that
condition (2) of Proposition 3.2 is satisfied.
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